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Motivated by recent experimental progress on triangular lattice heavy-fermion compounds, we
investigate possible Lifshitz transitions and the scanning tunnel microscope (STM) spectra of the
Kondo-Heisenberg model on the triangular lattice. In the heavy Fermi liquid state, the introduced
Heisenberg antiferromagnetic interaction (JH) results in the twice Lifshitz transition at the case of
the nearest-neighbour electron hopping but with next-nearest-neighbour hole hopping and the case of
the nearest-neighbour hole hopping but with next-nearest-neighbour electron hopping, respectively.
Driven by JH , the Lifshitz transitions on triangular lattice are all continuous in contrast to the case
in square lattice. Furthermore, the STM spectra shows rich line-shape which is influenced by the
Kondo coupling JK , JH and the ratio of the tunneling amplitude tf versus tc. Our work provides
a possible scenario to understand the Fermi surface topology and the quantum critical point in
heavy-fermion compounds.
I. INTRODUCTION
The Lifshitz transition, where the Fermi surface
(FS) topology changes,1 is beyond the paradigm
of Landau’s symmetry breaking theory. This un-
conventional transition has been observed experi-
mentally in cuprate superconductors,2–4 iron-based
superconductors,5–13 topological insulator,14 graphene15
and heavy-fermion compounds.16–21 Particularly, for
some quantum critical heavy-fermion materials, such as
YbRh2Si2, its magnetic field dependent thermopower,
thermal conductivity, resistivity and Hall effect shows
three transitions at high fields and the Lifshitz transi-
tions are argued to be their origin.20 For CeRu2Si2, the
high resolution Hall effect and magnetoresistance mea-
surements across the metamagnetic transition are ex-
plained as an abrupt f -electron localization, where one of
the spin-split sheets of the heaviest Fermi surface shrink
to a point.16 The Lifshitz transition leads to the way to
understand the relation of the FS topology and the quan-
tum critical point in heavy-fermion systems.22
Theoretically, the Lifshitz transition in heavy fermion
systems have been carefully explored with mean-field the-
ory and dynamical mean-field theory.23–34 At the mean-
field level, the Lifshitz transition is triggered with the in-
troduction of Heisenberg coupling into the usual Kondo
lattice model, i.e. Kondo-Heisenberg model (KHM), and
a case studying on square lattice suggests both first and
second-order Lifshitz transitions.23–25 Interestingly, the
appearance of Lifshitz transition with enhanced antifer-
romagnetic Heisenberg interaction preempts the disen-
tanglement of Kondo singlet, thus the resulting Kondo
breakdown mechanism predicted in literature should be
reexamined.26,35,36
Recently, non-Fermi liquid behaviors have been ob-
served in triangular lattice heavy-fermion compounds
like YbAgGe and YbAl3C3.
37–42 Due to the frustra-
tion effect introduced by local f -electron spin located
on the triangular lattice, the observed non-Fermi liq-
uid phenomena could be linked to the idea of Kondo
breakdown, where critical Kondo boson and deconfined
gauge field induce singularity in thermodynamics and
transport.37,39,42 However, as exemplified by the study
on the square lattice, the topology of FS may change rad-
ically before any noticeable breakdown of Kondo effect,
therefore the possibility of Lifshitz transition on triangu-
lar lattice should be investigated firstly.
In the present work, we employ the large-N mean-field
approach to study the KHM on the triangular lattice. As
expected, we find that the Heisenberg antiferromagnetic
interaction (JH) induces twice FS topology change at the
case of the nearest-neighbour (NN) electron hopping but
with next-nearest-neighbour (NNN) hole hopping and
the case of the NN hole hopping but with NNN elec-
tron hopping. Both Lifshitz transitions are continuous,
which is different from the square lattice case, i.e. the
first-order and the second-order phase transition.23 The
density of state (DOS) of conduction electron is changed
by JH . To meet with experiments, we give the STM line-
shape of the differential conductance dI/dV for different
Kondo coupling (JK) and the ratio of the tunneling am-
plitude of f -electron tf versus conduction electron’s tc.
The calculated spectra are qualitatively consistent with
data in CeCoIn5.
43
The paper is organized as follows. In Sec. 2, we de-
scribe the Kondo-Heisenberg model under the large-N
mean-field theory. In Sec. 3, we present the Lifshitz tran-
sition and the DOS of conduction electron. In Sec. 4, we
give the line-shape of differential conductance at differ-
ent Heisenberg antiferromagnetic interaction, the Kondo
coupling and the ratio of the tunneling amplitude of f-
electron to conduction electron’s. Finally, Sec. 5 is de-
voted to a brief conclusion and perspective.
2II. MODEL AND MEAN-FIELD APPROACH
The model Hamiltonian of the KHM is given by
H= −t
∑
<ij>σ
c†iσcjσ + t1
∑
≪ij≫σ
c†iσcjσ − µ
∑
iσ
c†iσciσ
+JK
∑
i
Si · si + JH
∑
<ij>
Si · Sj , (1)
where c†iσ(ciσ) denotes the creation (annihilation) oper-
ator of conduction electron with spin σ =↑, ↓. The first
line in Eq. (1) describes the hoppings of conduction elec-
tron and µ is the chemical potential. 〈·〉 and 〈〈·〉〉 repre-
sent the NN and the NNN hopping, respectively. (The
NNN hopping is introduced to avoid the occasional nest-
ing.) The JK term in the second line denotes the Kondo
coupling between the localized f -electron and conduction
electron. Si =
1
2
∑
αβ f
†
iαταβfiβ is the fermionic repre-
sentation of localized f -electron spin with the local con-
straint
∑
σ f
†
iσfiσ = 1, while si =
1
2
∑
σσ′ c
†
i,στσσ′ci,σ′ is
for conduction electron. The last JH term is the Heisen-
berg exchange interaction firstly introduced by Coleman
and Andrei.44 It has also been used by Iglesias et al. to
consider the antiferromagnetic long-range order in some
Ce-based heavy fermion compounds.45–47
To proceed, we use the fermionic large-N mean-
field method,48 which is believed to capture qualita-
tive features in heavy Fermi liquid states. Introducing
valence-bond order parameter χij = −
〈
Σαf
†
iαfjα
〉
and
Kondo hybridization parameter V =
〈
Σαf
†
i,αciα
〉
,23 and
considering the uniform resonance-valence-bond ansatz
χij = χ in Refs.
23,49, one can obtain Si · Sj =
1
2
[
χ(f †i↑fj↑ + f
†
i↓fj↓) +H.c.
]
+ χ
2
2 . Based on these mean-
field formulations, Eq.(1) can be rewritten in the k-space
as follows
H =
∑
k
Ψ†k

 εk − µ −
JKV
2
−JKV2 χk

Ψk +∑
kσ
χkf
†
kσfkσ
+NS
(
JKV
2
2
+
3JHχ
2
2
− λ
)
, (2)
where Ψ†
k
=
(
c†
kσ, f
†
kσ
)
is a two-component Nambu
spinor, and γk = 2 cos(
√
3ky/2) cos(kx/2)+cos(kx), χk =
JHχγk + λ is the kinetic energy of the f -electron, and
εk = 2t1[2 cos(
√
3ky/2) cos(3kx/2)+cos(
√
3ky)]−2tγk de-
noting the energy spectrum of conduction electron. Also,
the Lagrangian multiplier λ is introduced to impose the
local constraint on average. The quasiparticle excitation
spectrum can be easily obtained by
E±k =
(εk − µ+ χk)
2
±
√
(εk − µ− χk)2 + J2KV 2
2
. (3)
The ground-state energy of the KHM is
Eg =
2
NS
∑
k,±
E±k θ(−E±k ) +
(
JKV
2
2
+
3JHχ
2
2
− λ
)
,
(4)
where θ(x) is the step function. The factor 2 comes from
the spin degeneracy. Then, the MF equations for χ, V, λ
can be derived by minimizing the ground-state energy
and the chemical potential µ is determined by the con-
duction electron density nc, i.e.
∂Eg
∂χ
= 0,
∂Eg
∂V
= 0,
∂Eg
∂λ
=
0,−∂Eg
∂µ
= nc. One can get four self-consistent MF equa-
tions:
− 1
NS
∑
k,±
θ(−E±k )γk
[
1∓ (εk − µ− χk)
Wk
]
= 3χ, (5)
− 1
NS
∑
k,±
θ(−E±k )
[±JK
Wk
]
= 1, (6)
1
NS
∑
k,±
θ(−E±k )
[
1∓ (εk − µ− χk)
Wk
]
= 1, (7)
1
NS
∑
k,±
θ(−E±k )
[
1± (εk − µ− χk)
Wk
]
= nc, (8)
where Wk =
√
(εk − µ− χk)2 + (JKV )2.
III. LIFSHITZ TRANSITION
We consider the case of JH ≪ JK , where the para-
magnetic heavy Fermi liquid state is stable to other
symmetry-breaking and exotic fractionalized states.
When the Heisenberg interaction JH increases, the band
structure of quasiparticle evolves and Lifshitz transition
is expected to occur.
FIG. 1. The FS evolution of the KHM versus the Heisenberg
interaction JH for NN electron hopping but with NNN hole
hopping, where t = 1, t1/t = 0.3, nc = 0.9, JK = 2.5.
In Fig. 1 and Fig. 2, the FS is a normal circle when
JH is small as shown in Fig. 1 (a) and Fig. 2 (a), which
means the influence of the short-range antiferromagntic
correlation is negligible. However, when JH is increas-
ing, the short-range antiferromagnetic correlation starts
to change the electronic structure, and the FS begins to
3FIG. 2. The FS evolution of the KHM versus the Heisenberg
interaction JH for NN hole hopping but with NNN electron
hopping, where t = −1, t1/t = 0.3, nc = 0.9, JK = 2.5.
FIG. 3. The ground-state energy Eg (subplot (a)) and the
first derivative dEg/dJH (subplot (b)) versus the Heisenberg
interaction JH for NN electron hopping but with NNN hole
hopping, where t = 1, t1/t = 0.3, nc = 0.9, JK = 2.5.
deform. Our system have twice Lifshitz transition in two
cases as shown in Fig. 1 (d), (e), and Fig. 2 (b), (e). In
Fig. 1 (d) and Fig. 2 (b), there emerges a small circle be-
low FS at the center, the particles begin to fill the area
between two loops. In Fig. 1 (e) and Fig. 2 (e), the FS
happens to split into many Fermi pockets after this criti-
cal point, each pocket is the FS of electrons, and they will
be shifted inward along the direction M → Γ associated
with JH , such as Fig. 1 (f) and Fig. 2 (f). The quantum
critical points for NN electron hopping with NNN hole
hopping has the larger Heisenberg coupling JH than the
case of the NN hole hopping with NNN electron hopping.
Due to many experiments on heavy-fermion quantum
critical compounds YbRh2Si2 and CeRu2Si2,
16,20 the FS
change relates to the quantum phase transition. Thus,
to identify the quantum phase transition around the Lif-
shitz transition, the ground-state energy Eg and its first
FIG. 4. The ground-state energy Eg (subplot (a)) and the
first derivative dEg/dJH (subplot (b)) versus the Heisenberg
interaction JH for NN hole hopping but with NNN electron
hopping, where t = −1, t1/t = 0.3, nc = 0.9, JK = 2.5.
derivative dEg/dJH versus JH is shown in Fig. 3 and
Fig. 4, where dEg/dJH is given by
dEg
dJH
=
1
NS
∑
k,±
θ(−E±k )χγk
[
1∓ (εk − µ− χk)
Wk
]
+
3χ2
2
.
(9)
Both lines are smooth across the changes of FS topol-
ogy, which demonstrates that the Lifshitz transitions are
second-order transitions.
FIG. 5. The conduction electron DOS ρc for the KHM ver-
sus the Heisenberg interaction JH for NN electron hopping
but with NNN hole hopping, where t = 1, t1/t = 0.3, nc =
0.9, JK = 2.5. It is shown that the conduction electron DOS
is changed after Lifshitz transition.
FIG. 6. The DOS of the conduction electron ρc for the KHM
versus the Heisenberg interaction JH for NN hole hopping but
with NNN electron hopping, where t = −1, t1/t = 0.3, nc =
0.9, JK = 2.5. It is shown that the conduction electron DOS
is changed after Lifshitz transition.
The DOS of the conduction electron is shown in Figs. 5
- 6. The Heisenberg interaction JH has an effect on the
DOS of the conduction electron ρc, the larger JH induces
the larger gap. Thus, the DOS is changed after Lifshitz
transition. In Fig. 5 (a)-(b), the DOS has a gap and two
peaks. At JH = 0.4255, it develops a new small peak as
sown in Fig. 5 (c), where the conduction electron DOS
has one gap and three peaks when JH > 0.4255 as shown
in Fig. 5 (c)-(f). In Fig. 6, the DOS always has the gap
and two peaks, but the left peak is lower than the right
peak as shown in Fig. 6 (a)-(d), while becomes higher
than the right peak as shown in Fig. 6 (e)-(f). Both
peaks are increasing versus the Heisenberg coupling JH ,
4and the peak at ω < 0 that arises from the van Hove
singularity of the large (hybridized) FS.50
Therefore, under the MF method,23,49 when Heisen-
berg superexchange JH increases, the presence of
the short-range antiferromagnetic correlation gradually
changes the electronic structure, and leads to the men-
tioned two kinds of Lifshitz transition, which is similar
to Ref.23. However, our work finds that the continuous
transition around the Lifshitz transition, which is differ-
ent from the square lattice, i.e. it has extra first-order
transition.23
With the FS topology of the quasiparticles changed,
the area of FS varies at some critical values. To get more
insight into the Lifshitz transition, it is helpful to use
an effective low-energy theory to grasp the basic physical
feature. Since the Lifshitz transition is mainly a single
particle problem, one may use the following simple action
S =
∫
dτd2x
[
ψ†
(
∂τ − ∇
2
2M
− r
)
ψ
]
, (10)
where M , r denote the effective mass and the effective
chemical potential, respectively. The fermionic field ψ
represents the fermions whose FS will vanish (appear)
when r < 0 (r > 0). Since the most radical effect
of the Lifshitz transition is just such a/an disappear-
ance/appearance of FS due to some parameters like r
here, we may expect this action captures the nature of
this transition. When r < 0, all fermions are gapped and
no FS is observed while there exists a notable FS if r > 0
is satisfied. At the transition point where r = 0, the FS
vanishes to a point and the corresponding local DOS is
a constant. The specific heat at the transition point is
Cv ∼ T , which is undistinguished with the usual Fermi
liquid’s result.
Before ending this section, we note that the change
of the FS topology, i.e. the Lifshitz transition, has a
direct experimental implication. The Hall coefficient will
change its sign when the electronic FS transforms into
the hole-type one or some parts of FS disappear. Besides
this, one can use the quantum oscillation to measure the
effective mass of the quasi-particle as the signal of the
Lifshitz transitions discussed here.
IV. THE DIFFERENTIAL CONDUCTANCE
The STM spectrum is one of the indispensable tools
in the study of correlated quantum matter, especially
for several quantum critical heavy-electron compounds,
which is a real-space probe that measures a local
conductance.51–53 In the linear-response regime, the
current-voltage characteristics is related to the local DOS
of the material.54 There are also many STM experi-
ments on the heavy-fermion compounds like YbRh2Si2
and CeCoIn5.
43,55–59 Those results coincide with angle-
resolved photoemission spectroscopy to understand the
physics of quantum critical point in heavy-fermion
compounds.53
Here, we follow Ref.50 to get the differential conduc-
tance dI(V )
dV
on the triangular lattice by
dI(V )
dV
= t2cNcc(V ) + t
2
fNcc(V ) + 2tctfNcf(V ), (11)
where tc is the tunneling amplitude of the conduction
electron and tf is for the f -electron. Ncc = − 1pi ImGcc is
the DOS of conduction electron while Nff = − 1pi ImGff
is for f -electron and their mixture is Ncf = − 1pi ImGcf .
Gcc(τ) = −〈Tτckσ(τ)c†kσ(0)〉 is the Green’s function of
conduction electron, the Gff (τ) = −〈Tτfkσ(τ)f †kσ(0)〉 is
for f -electron and Gcf (τ) = −〈Tτckσ(τ)f †kσ(0)〉 describes
the many-body effects arising from the hybridization of
the conduction band with the f -electron level.
To calculate DOS, it is helpful to introduce fermionic
quasiparticle Akσ and Bkσ with the following transfor-
mation
fkσ = vkAkσ + ukBkσ, (12)
ckσ = ukAkσ − vkBkσ , (13)
where u2k =
1
2 +
−χk+(εk−µ)
2
√
(εk−µ−χk)2+(JKV )2
, v2k = 1 − µ2k, and
ukvk =
JKV
2
√
(εk−µ−χk)2+(JKV )2
. The energy spectrum are
given by Eq. (3). Fig. 7 shows the shape-lines of the
differential conductance dI/dV in NN electron hopping
with NNN hole hopping, and Fig. 8 shows the case of
NN hole hopping with NNN electron hopping. With in-
creasing the ratio of amplitudes tf/tc, the hybridization
between conduction electron band and f -electron band
is different.
FIG. 7. The STM spectra of the KHM versus the ratio of
amplitudes tf/tc for NN electron hopping but with NNN hole
hopping, where t = 1, t1/t = 0.3, nc = 0.9, JK = 2.5. The ra-
tio of amplitudes tf/tc influences the line-shape of the dI/dV .
When increasing tf/tc, the line-shape changes quickly.
Fig. 7 (a) - (c) have three peaks and (h) - (i) have two
peaks. There emerges a peak when ω > 0, and the peak
is increasing versus the tf/tc, which is the precursor of
5FIG. 8. The STM spectra of the KHM versus the ratio of
amplitudes tf/tc for NN hole hopping but with NNN elec-
tron hopping, where t = −1, t1/t = 0.3, nc = 0.9, JK = 2.5.
The ratio of amplitudes tf/tc influences the line-shape of the
dI/dV .
the emerging f-electron band.50 Fig. 8 (a) - (d) have two
peaks and (h) - (i) exist three peaks. Fig. 7 (e) becomes
two peaks while Fig. 8 (e) begins to have three peaks.
In the subplots (f) of Figs. 7 - 8, the left resonance peak
nearly vanishes, which means the suppression of the dif-
ferential conductance around the Fermi energy.50
We also give the STM spectra of the different Kondo
coupling JK as shown in Figs. 9 - 10. Compared with
Figs. 7 - 8, the line-shape varies versus tf/tc. There
also exist the suppression of the differential conductance
around the Fermi energy as shown in the subplots (e) of
Figs. 9 - 10. The subplots (b) of Figs. 7 - 10 are the DOS
of the conduction electron.
Among those figures, the gap is increasing versus the
Heisenberg coupling JH and the Kondo coupling JK .
STM line-shape of the differential conductance dI/dV
is mainly influenced by the ratio of tf/tc, the larger tf/tc
induces larger peak. The line-shape of the differential
conductance dI/dV emerges much f-electron information
versus the ratio of tf/tc. We also find that those spectra
are qualitatively similar with CeCoIn5.
43 These results
show that the existence of two resonance peaks struc-
ture in differential conductance as Refs.50,60, which gives
the insight to the heavy-fermion compounds by STM to
examine the correlated electrons with high energy and
spatial resolutions.61
V. CONCLUSION AND PERSPECTIVE
In summary, we have investigated the KHM on trian-
gular lattice with the fermionic large-N mean-field theory
at the case of the NN electron hopping with NNN hole
hopping and the case of the NN hole hopping and NNN
electron hopping. At the heavy-fermion liquid state, the
FIG. 9. The STM spectra of the KHM versus the ratio of
amplitudes tf/tc for NN electron hopping but with NNN hole
hopping, where t = 1, t1/t = 0.3, nc = 0.9, JK = 2. The ratio
of amplitudes tf/tc influences the shape-line of the dI/dV .
FIG. 10. The STM spectra of the KHM model versus the
ratio of amplitudes tf/tc for NN hole hopping but with NNN
electron hopping, where t = −1, t1/t = 0.3, nc = 0.9, JK = 2.
The ratio of amplitudes tf/tc influences the shape-line of the
dI/dV .
Heisenberg antiferromagnetic interaction (JH) induces
twice FS topology change, i.e. the Lifshitz transition,
where goes through the continuous transition. In two
cases, the conduction electron DOS is changed after Lif-
shitz transition, the gap is influenced by the Kondo cou-
pling JK and the Heisenberg interaction JH . The line-
shape of the differential conductance dI/dV shows that
the existence of two resonance peaks structure in differen-
tial conductance as Refs.50,60.The short-range antiferro-
magnetic correlation coupling JH , the ratio of the ampli-
tudes of the f-electron to the amplitude of the the conduc-
tion electron tf/tc, and the Kondo correlation JK influ-
ence the shape-line of the differential conductance dI/dV ,
which gives the insight to detect the heavy-fermion com-
pounds STM spectra for examining the correlated elec-
6trons with high energy and spatial resolutions.61
Owing to some triangular heavy-fermion compounds
like YbAgGe37–40 and YbAl3C3
41,42 have been found, we
expect that our results may be confirmed by many FS
measurements (Hall coefficient, de Haas-van Alphen mea-
surements, angle-resolved photoemission spectroscopy,
quasiparticle interference and STM spectrum experi-
ments) in those compounds.
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